Abstract
Introduction
In this note the author studies the local regularity in the Lebesgue spaces L p , 1 < p < ∞, for higher-order derivatives of solutions of elliptic system of arbitrary order in nondivergence form with coefficients, which can be discontinuous, belonging to the Sarason class of VMO functions.
We generalize the results given by F. Chiarenza, M. Franciosi, and M. Frasca in [5] because we consider the system with lower-order terms.
The technique used in this paper rests on the idea, well known as Korn's trick, used by Chiarenza, M. Frasca, and P. Longo in [6] and [7] , and by Chiarenza, Franciosi, and Frasca in [5] and [8] , to obtain an explicit representation formula for the highest-order derivatives of local solutions of an elliptic system in nondivergence form in terms of singular integral operators and commutators.
Then it is possible to obtain the final estimate by following the line of the proof of [10, Theorem 9.11] and using estimates in Lebesgue spaces of these singular integral operators of nonconvolution type.
The obtained L p -estimates are the first available ones for systems with discontinuous coefficients in the full range p ∈ ]1, ∞[ that we know about.
In the case of continuous coefficients, we review the results obtained by S. Agmon, A. Douglis, and L. Nirenberg in [1] and [2] and, only for p belonging to a neighborhood of 2, by S. Campanato in [4] .
Basic assumptions and main results
Hereafter we suppose to be an open bounded subset in R n , n ≥ 3, α a multi-index, and we set
Let us consider the system
where
We make the following three assumptions, which we refer collectively to as Hypothesis I.
We assume that
. . , N ; for a.e. x ∈ , the homogeneous polynomial of degree 2s in τ obtained by replacing D α with τ α = τ
(iii) Let us assume that n is odd, as in [9] , and that
where t m is defined as follows:
We next state the main results of this note in the following two theorems. 
Moreover, there exists a constant C independent of u i and f
and there exists a constant C independent of u i and f i , ∀i = 1, . . . , N , such that
The space VMO, singular integrals, and commutators

Definition 3.1
Let f be a locally integrable function. We say that f belongs to the John-Nirenberg space BMO of functions with bounded mean oscillation introduced in [13] if
where f B stands for the integral average (1/|B|) B f (x) d x of the function f (x) over the set B, and B ranges over the class of balls of R n .
Definition 3.2
If f ∈ BMO and B ρ belongs to the class of balls of radius ρ > 0, we set
the VMO modulus of f . We say that f belongs to the Sarason class of VMO introduced in [13] if
According to the above definition of η(r ), we denote η 
Definition 3.3
Let us recall the following classical Sobolev spaces:
where denotes the surface of the unit ball in R n . For any ε > 0, we set
and, moreover, there exists a positive constant c
. 
for some constant c = c( p, n, M, s, N ).
Representation formula
Let B be a ball, B ⊂ , and letB be the subset of B where a (α) i j are defined and satisfy condition (ii) and where x 0 ∈B. Let us consider the following linear elliptic differential operator of order 2s N :
We also set
where ψ(x 0 ) is an opportune analytic function. (x 0 , t) is the well-known John fundamental solution (see [12] ). It follows that
and if |α| = 2s N , D α (x 0 , t) is a homogeneous function of degree −n with zero mean value on the sphere |t| = 1.
Let us consider the above fundamental solution; then ∀v ∈ C ∞ 0 (B),
From this formula in [5] , integrating by parts and using a technique of Bureau in [3] , it is proved that, for any vector field u = (u 1 , . . . , u n ) ∈ C ∞ 0 (B), the derivative D α u i (x), with |α| = 2s, can be written a.e. in B as a linear combination of terms like
We observe that if u ∈ W 2s, p 0 (B), the same representation formula as in the above case u ∈ C ∞ 0 (B) can be obtained by a density argument.
Main results
LEMMA 5.1 Let us suppose that assumptions (i), (ii), and (iii) are true. Also, let f
Then there exist a positive constantc independent of u i , f i , ∀i = 1, . . . , N , and ρ 0 > 0 such that for any ball B r ⊂⊂ with 0 < r < ρ 0 and any u ∈ W 2s, p 0
, ∀α : |α| = 2s.
Proof
Let us consider the operator
Using the representation formula and Theorems 3.5 and 3.6, we obtain
To estimate the term containing b (α) i j in the last inequality, let us define
(and, using the Hölder inequality and then the Sobolev inequality) Let us denote
then, using an interpolation inequality (see [10, Theorem 7 .27]), we have
By the absolute continuity of the Lebesgue integral, the last sum can be made arbitrarily large for large . Namely, for an arbitrary 1 > 0, one can choose such that this sum does not exceed 1 /2S. Then we choose = 1 /2 , so that
Now (5.1) implies
and finally, choosing 1 = 1/2c, we get the desired estimate, with a different constantc.
Proof of Theorem 2.1
We first prove that D α u ∈ L p ( ) for |α| = 2s.
Let us recall the representation formula for the derivatives D α u i , |α| = 2s, of any C ∞ 0 (B) vector function u = (u 1 , . . . , u N ), where B is a ball, B ⊂ . As above, it can be written a.e. in B as a linear combination of the terms of
where |γ | = 2s(N − 1), |α| = 2s, s ∈ N, and B ⊂ is a ball whose radius is to be chosen later. To simplify this representation formula, we define
where c γ ,α are bounded functions, and
By Theorem 3.6, it is possible to choose the radius of B so small that
We now rewrite D α u i (x), |α| = 2s, as a linear combination of the terms M and N .
By Hypothesis I and the Sobolev lemma, it follows thatL u j ∈ L p 1 (B), ∀ j = 1, . . . , N , and q < p 1 ≤ p.
Let us define It follows that if p 1 = p, we get to the conclusion; otherwise, iterating this procedure a finite number of times, we prove that D α u i ∈ L p (B), ∀i = 1, . . . , N , ∀α : |α| = 2s. The ball B is arbitrary; it then follows that D α u i ∈ L p ( ), ∀i = 1, . . . , N , ∀α : |α| = 2s. Now we prove the estimate. We introduce some notation, and we follow the line of the proof of [10, Theorem 9.11].
Let σ ∈ (0, 1), let r ≤ dist( , ∂ ), and let {B σ r } be a finite covering of such that B r ⊆ . Let η ∈ C 2s 0 (B r ) be a cut-off function such that 0
for some positive constant τ independent of σ and r .
Then for every j = 1, . . . , N and |α| = 2s,
Moreover, because B σ r ⊆ B r , for every j = 1, . . . , N and |α| = 2s, we have
We have, for every h = 1, . . . , m and j = 1, . . . , N ,
(where c(α) is a constant dependent on α)
Using Lemma 5.1, we obtain Let us now consider, for k = 0, 1, . . . , 2s, the weighted seminorm 
